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Spacetime singularities are studied in both the D + d-dimensional string theory and its D- 
dimensional effective theory, obtained by the Kaluza-Klein compactification. It is found that space- 
time singularities in the low dimensional effective theory may or may not remain after lifted to the 
D + d-dimensional string theory, depending on particular solutions. It is also found that in some 
cases solutions of the low dimensional effective theory are not singular, but after they are lifted 
to high dimensions of string theory, the higher dimensional spacetimes become singular. A closer 
analysis shows that it is due to the collapse of the extra dimensions. 
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I. INTRODUCTION 

String and M-theory all suggest that we may live in 
a world that has more than three spatial dimensions [![. 
Because only three of these are presently observable, one 
has to explain why the others are hidden from detection. 
One such explanation is the so-called Kaluza-Klein (KK) 
compactification, according to which the size of the extra 
dimensions is very small (often taken to be on the order 
of the Planck length) 0. As a consequence, modes that 
have momentum in the directions of the extra dimensions 
are excited at currently inaccessible energies. 

In such a frame of compactifications, one often finds 
that the low-dimensional effective theories are usually 
singular, and such singularities might disappear when we 
consider the problem in the original high dimensional 
spacetimes. In particular, it was shown that the 4- 
dimensional extreme black hole with a special dilaton 
coupling constant can be interpreted as a completely 
non-singular, non-dilatonic, black p-brane in (4+p)- 
dimensions, provided that p is odd [3j]. 

Recently, three of the current authors [4[ studied the 
problem in the frame of colliding two timelike branes in 
string theory. After developing the general formulas to 
describe such events, we studied a particular class of ex- 
act solutions first in the 5-dimensional effective theory, 
and then lifted it to the 10-dimensional spacetime. In 
general, the 5-dimensional spacetime is singular, due to 
the mutual focus of the two colliding 3-branes. Non- 
singular cases also exist, but with the price that both of 
the colliding branes violate all the three energy condi- 
tions, weak, dominant, and strong [5|. After lifted to 10 
dimensions, we found that the spacetime remains singu- 
lar, whenever it is singular in the 5-dimensional effective 
theory. In the cases where no singularities are formed 
after the collision, we found that the two 8-branes neces- 
sarily violate all the energy conditions. 
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In this paper we shall address the same problem, but 
for the sake of simplicity, we consider only the case where 
no branes are present. Specifically, the paper is organized 
as follows. In the next section, we will set up the model 
to be studied in the framework of both D+ d-dimensional 
string theory and its D-dimensional effective theory. In 
Section III, we study two classes of exact solutions, by 
paying particular attention on their local and global sin- 
gular behavior. In Section IV, we first lift these solutions 
to the D + d-dimensional spacetimes of string theory, and 
then study their singular behavior. Section V contains 
our conclusions and discussing remarks. 



II. TOROIDAL COMPACTIFICATION OF THE 
EFFECTIVE ACTION 

Let us consider the toroidal compactification of the NS- 
NS sector of the action in (D+d) dimensions, Mo+d = 
Mo x Md, where for the string theory we have D+d = 10. 
Then, the action takes the form Q, 

s D+d = -77^— / d D+d xV\g~D~Ue~ t \R D+ d[g} 

ZK D+d J k 

+5 AB (v^f)(v B f)-li? 2 |, (2.1) 

where in this paper we consider the (D + d)-dimensional 
spacetimes described by the metric, 

ds D+d = c/abcIx dx B = jftv (x A ) dx^dx v 

+$ 2 (x x )% b (z c )dz a dz b , (2.2) 

with 7 M „ (x x ) and $ 2 (x A ) depending only on the coor- 
dinates x x of the spacetime Mo, and ^f a b (z c ) only on the 
internal coordinates x c , where [i,v,\ = 0, 1,2, ...,£) — 
1; a,b,c = D,D + 1, ...,D + d - 1; and A,B,C = 
0,1,2,...,!? + d — 1. Assuming that matter fields are 
all independent of z a , one finds that the internal space 
M d must be Ricci flat R[y] =0 6]. For the purpose of 
the current work, it is sufficient to assume that Md is a 
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d— dimensional torus, T d = S 1 x S 1 x ... x S 1 . Then, we 
find that 



RD+d [g] = Rd [7] 
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Ignoring the dilaton f and the form field H, the integra- 
tion of the action (|2.1|) over the internal space yields, 
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where 



and V, is defined as 
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For a string scale compactification, we have V s 
(2ir\fo7\ , where (2na') is the inverse string tension. 



After the conformal transformation, 
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the D-dimensional effective action of Eq. (|2.4j) can be cast 
in the minmally coupled form, 



where 
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In this paper, we refer the actions of Eqs. (I2.1[) and 
(12.4[) to as i/ie string frames, and the one of Eq. (12.8[) 
i/ie Einstein frames. It should be noted that solutions 
related by this conformal transformation can have com- 
pletely different physical and goemetrical properties in 
the two frames. In particular, in one frame a solution 
can be singular, while in the other it can be totally free 
from any kind of singularities. A simple example is the 
conformally-flat spacetimes gAB = ^ 2 {x)nAB, where the 
spacetime described by gAB can have a completely dif- 
ferent spacetime structure from that of the Minkowski, 
r\AB- 

Although we are mainly interested in the string theory 
with the split D = 5 and d — 5, in most cases considered 
in this paper we shall not impose these restrictions here, 
so that our results obtained in this paper can be applied 
to other situations. 



III. SOLUTIONS IN D-DIMENSIONAL 
SPACETIMES IN THE EINSTEIN FRAME 

The variation of the action (|2.8j) with respect to g^ 
and <p yields the D-dimensional Einstein-scalar field equa- 
tions, 



(3.1) 
(3-2) 



where ( ) )M = d( )/dx ti . 

In this paper, we consider the D-dimensional space- 
times described by the metric 



ds 2 D E = 2e 2a(u ' v) dudv - e 2h{u ^dY? D _ 2l (3.3) 



where 



D-l 

d-2 = 
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Clearly, the (D — 2)-dimensional space S, spaned by 
dY? D _ 2 , is Ricci flat, and its topology remains unspeci- 
fied. In this paper, we assume that this space is compact. 
One example is that it is a (D — 2)-dimensional torus. 

It should be noted that metric (|3.3[) is invariant under 
the coordinate transformation, 



u = f(u), v = g(v), 



(3.5) 



where f(u) and g(v) are arbitrary functions of their in- 
dicated arguments. 

Introducing the following two null vectors Q, 



— = 5" 

dx* ^ 

dx» 



(3.6) 



we can see that both of them are future-directed and or- 
thogonal to S. In addition, each of these two null vectors 
defines an affinely parameterized null geodesic congru- 
ence. 



Z A V A ^ = = n A V A ?V 



(3.7) 



Then, the expansions of the null ray u — Const, and the 
one v = Const, are defined, respectively, by 



9, = V A / A = {D-2)e~ M h, v , 
'„ = V A n A = (D - 2) e- 2a h, u 



(3.8) 



It should be noted that the two null vectors are uniquely 
defined only upto a factor [1, 0|- In fact, 



l^ = f(u)S u u , n^ = g(v)Sl, 



(3.9) 



represent another set of null vectors that also define 
affinely parameterized null geodesies, and the corre- 
sponding expansions are given by 



f(u)6+, §-=g(v) 



(3.10) 
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However, since along each curve u = 
Const, (v = Const.), the function f(u) (g(v)) is 
constant, this does not affect the definition of trapped 
surfaces in terms of the expansions (See H0] in details). 
Thus, without loss of generality, in the following defi- 
nitions of trapped surfaces and black holes we consider 
only the expressions given by Eq. (|3.8[) . 

Definitions [7H9|: The spatial (D — 2)-dimensional sur- 
face iS of constant u and v is said trapped, marginally 
trapped, or untrapped, according to whether 9i9 n \ s > 0, 
9i9 n \ s — 0, or 9i9 n \ s < 0. Assuming that on the 
marginally trapped surfaces S we have 9i\ s — 0, then 
an apparent horizon is the closure E of a three-surface E 
foliated by the trapped surfaces S on which n | s ^ 0. It 
is said outer, degenerate, or inner, according to whether 
£„0;| E < 0, C n 9i\ s = 0, or C n 6i\ s > 0, where C n de- 
notes the Lie derivative along the normal direction n^, 
given by, 

C,A = (D - 2) e- Aa {h uv - 2a u h v ) , 

d9 n = (D-2)e- 4a {h uv -2a v h u ). (3.11) 

In addition, if < then the apparent horizon is said 
future, and if 9 n \- s > it is said past. 

Black holes are usually defined by the existence of fu- 
ture outer apparent horizons [Bl, 0, El However, in 
a definition given by Tipler [11| the degenerate case was 
also included. 

For the metric (EH)) , we find that Eqs. (|3~TT) and (|3~2|) 
yield 



h'uu ~l~ h,u 2h ' uO ' u 



.w h.v 2h i)0~ D 
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(3.12) 
(3.13) 



2o>t, + {D — 2) (h^ uv + h^ u h )V ) = - n 2 D <j) jU <fi >v , 

(3.14) 

h uv + (D - 2)h u h, v = 0, (3.15) 
20,™ + (D - 2) (h u (f> tV + h tV if>, u ) = 0. (3.16) 



It should be noted that Eqs. (|3.12[) - (|3.16[) are not all in- 
dependent. In fact, Eg. (13.141) is the integrability condi- 
tion of Eqs. (|3.12[) and p,13p . and can be obtained from 
Eqs. (JXI21), (j3~T3"l) and f3~T^) . Therefore, the field equa- 
tions reduce to Eqs. (J3T2]), (j3~i~3l) . (l3~T5)) andJEll)- To 
find the solution, one may first integrate Eq. (|3.15[) to find 
h, which gives, 



h{u, v) 



D-2 



In (F(u) + G(v)) 



(3.17) 



where F(u) and G(v) are arbitrary functions. Then, one 
may integrate Eq. (|3.16[) to find <\>. Once h and <fi are 
found, o can be obtained by integrating Eqs. (|3.12[) and 
(|3.13[) . The general solutions for a and <fi are unknown. 
In the following, we shall consider some specific solutions. 
In particular, we shall consider the three cases separately: 
(a) F'(u) ^ 0, G'(v) = 0; (b) F'(u) = 0, G'(v) £ 0; and 



(c) F' (u)G' (v) 7^ 0, where a prime denotes the ordinary 
differentiation. The second case can be obtained from the 
first one by exchanging the u and v coordinates. Thus, 
without loss of generality, we need consider only Cases 
(a) and (c). 

Before proceesing further, we note that for the solution 
of Eq.([3TZl), Eqs.dSU) and (j3~TT|) reduce to 



G'(v) 



and 



£ n 9i 
&i9 n 



F(u) + G(v)' 
-2. F'(u) 
F{u) + G(v)' 



2e a . 



(3.18) 
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2e~ 2a o-, v ) . 



(3.19) 



F'(u) 0, G'(v) = 



In this case, from Eq. (|3.13j) we find that c/> — 4>{u). 
Hence, Eq. ([3~Tlt yields 



a(u, v) = a(u) + b(u), 



(3.20) 



where a(u) and b(u) are other arbitrary functions. Using 
the gauge freedom of Eq. (13. 5|) , without loss of generality 
we can always set a(u) = = b(u), so that this class of 
solutions are given by 



a{u,v) = 0, 
h(u,v) = lna(w), 




III l\ \ 1/2 

a (u ) x 
a(u') 



du' 



(3.21) 



where a{u) = F^) 1 ^ 2 \ and 4>q is an integration con- 
stant. Inserting Eq. (j3T2Tl) into Eq. ((3~T8)) . we find that 

a'(u) 

9 l= 0, 6 n = (D-2)^(, (3.22) 
a(u) 

for which we have 9$ n — identically. Then, accord- 
ing the above definition, the (D — 2)-surfaxe S is always 
marginally trapped. Since 



= £, 



lOn, 



(3.23) 



S is also degenerate. 

To study these solutions further, we notice that for 
these solutions all the scalars built from the Riemann 
curvature tensor are zero, therefore, in the present case 
scalar curvature singularities are always absent (l2^ . 
However, non-scalar curvature singularities might also 
exist. In particular, tidal forces experienced by an ob- 
server may become infinitely large under certain condi- 
tions [13]. To see how this can happen, let us consider 



the timelike geodesies in the (u, u)-plane, which in the 
present case are simply given by 



70 , 



1 

2V 



0, 



(3.24) 



where i — 2, D — 1, 70 is an integration constant, and 
an overdot denotes the ordinary derivative with respect 
to the proper time, A, of the timelike geodesies. Defining 



dx 11 /d\, we find that the unit vectors, given by 



' (0) 



= 7o<5£ + — <5£, 
270 

= 70^-^, 
270 

= J_tf 

a{u) 1 ' 



form a freely falling frame, 

e (a) e (P)9^ = "Hap, 



e (a);v e (0) 



0, 



(3.25) 



(3.26) 



where rjap = diag. {—1, 1, 1}. Projecting the Ricci 
tensor onto the above frame, we find that 



(3.27) 



Clearly, the tidal forces remain finite over the whole 
spacetime, as long as a" /a is finite. To see this clearly, 
let us consider the following solutions, 



a"{u) 
a{u) 



to 



(3.28) 



for which we have 



(u, v) = (j> + 



w 2 (D-2) 



1/2 



ln(u - u ), 



,1-7/2 



7^2, 
7 = 2, 



(3.29) 



where ua is an arbitrary constant, and without loss of 
generality, we can always set uq = 0, an assumption we 
shall adopt in the following discussions. The constants 
oj and 7 have to satisfy the conditions ot(u) > and 
a" (u) j a(u) < 0, so that the metric has the correct signs 
and the scalar field is real. 

From Eq. J3.24p we find that u ~ 70 A, where the proper 
time A was chosen such that u = corresponds to A = 0. 
Then, the distortion, which is proportional to the twice 
integrals of R( a )(p) with respect to the proper time A, is 
given by 
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(c)(0) 



d\ J i?( Q )( /3 )C?A 

A(lnA-l), 7 =1, 
In A, 7 = 2, 

A 2 ^, 7^1,2, 



(3.30) 
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FIG. 1: The Penrose diagram for the case 7 < of the solu- 
tion (|3.28|l in the Einstein frame. The double solid lines AB 
and CD represent null infinities u = ±00 and denote strong 
spacetime singularities, where both the tidal forces and dis- 
tortions exerting on a freely falling observer become unbound. 
The spacetime is regular at u = 0, and its extension to Region 
II where it < is unique only when —7 is an integer. 



as A — > 0. To study these solutions further, let us consider 
the following cases separately. 



7 < 



In this case, Eqs. p^Tjl . (|3~28| and (f3T30|) show that 
both the tidal forces and distortions are finite at u = 0. 
Therfore, to have a geodesically maximal spacetime, we 
need to extend the solutions across this surface to the 
region u < 0. When 7 = — n, where n(— 1,2,...) is an 
integer, the extension is simple, and can be obtained by 
simply taking u for u G (—00, 00). However, When —7 is 
not an integer, the solution is not anyalytical at u = 0, 
and the extension is not unique. One possible extension 
is to replace u by \u\. Once such an extension is done, it 
can be seen that both the tidal forces and distortions di- 
verge at \u\ — > 00. Therefore, the spacetimes are singular 
at the null infinities, and the nature of the singularities 
is strong, as both of them diverge. The corresponding 
Penrose diagram is given by Fig. [T] 



2. 7 = 

In this case, a(u) and <f>{u) can be given explicitly, 
a(u) = ao sin (u>u + A) , 



0(«) 



'D-2 



(3.31) 



where A and </>o are the integration constants. From the 
above we can see that the (D — 2)-dimensional space S 
collapses to a point at urn + A = mr. This can also be 
seen from the expansion given by Eq. (|3.22l) . which now 
reads, 



ui(D 



cos (urn + A) 
sin (uiu + A) 



Clearly, 9 n diverges at uiu + A = nir. However, a closer 
investigation of this solution shows that the spacetime is 
not singular at these points. For example, one may con- 
sider the tidal forces measured by observers that move 
along timelike geodesies not perpendicular to S. Without 
loss of generality, let us consider the timelike geodesies, 
described by u = w(A), v = v(X), x 2 — x 2 (X) and 
X - — - Xq = Const. Then, it can be shown that the time- 
like geodesical equation allows the first integration, and 
yields, 



70, 



1 
2to" 



4 



a 2 [u) 



1 



x 2 



a 2 (u) 



0, (i = 3, 4, .. .,£>-!), (3.33) 



where 70 and j3o are two integration constants. From the 
above we find the following unit vectors, 



'(0) 

'(i) 

'(2) 

Li 



dx» 1 
d\ ~ 7 ° u + 2 7o \a 2 {u) 



+ 1 « + 



ffo 
a 2 (it) 



o 2 , 
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270 \a 2 (u) 



- 1 Uf + 



a 2 (u) 2 ' 
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7oa(u) 11 ' a(u) 2 ' 

^<5f, (< = 3 J 4,...,i?-l). 
a(u) 



(3.34) 



It can be shown that they satisfy Eq. (|3.26[) . that is, they 
also form a freely-falling frame. Then, we find that 

R( a )((3) = R^ {a) e\ p) =u> 2 (D- 2) e u {a) e u {p) , (3.35) 



which is always finite, as can be seen from Eq. (|3.34[) . 
Therefore, although the (D ~ 2)-dimensional space S fo- 
cuses at a(u) = 0, no spacetime singularities appear at 
these points, because no trapped compact surface exists 
in the present case. The Hawking-Penrose singularity 
theorems require the existence of both a compact trapped 
surface and the focusing of geodesies 0. The extension 
across these focusing points can be done by simply tak- 
ing u as any real value, i.e., u G (00,00). Once such 
an extension is made, Eq. p.3ip shows that we may have 
spacetime singularities at u = ±00. As Eq. (|3.30p shows 
that indeed the distortation at these null infinities di- 
verge, although the tidal forces still remain finite. Then, 
the corresponding Penrsoe diagram is given by Fig. [5J 
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(3.32) A 
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FIG. 2: The Penrose diagram for the case 7 = of the solution 
(|3.3ip in the Einstein frame. The lines AB and CD represent 
null infinities u = ±00 and the spacetime is singular there, 
in the sense that the distortation becomes unbounded along 
these null infinities, although the tidal forces remain finite. 



< 7 < 2 



In this case, Eqs.flHHl), P^l) and (pPO)) show that 
at u = the tidal forces become unbounded, while the 
distortions remain finite. This type of singularities is 
usually said weak, and the spacetime beyond this surface 
may be extendible [l4| , although it is still unclear how to 
carry out specifically such extensions. As u — > 00, from 
Eqs.((S27I), (ET2g|> and (j33Tl we find that the tidal forces 
are bounded, but now the distortions become unbounded. 
The corresponding Penrose diagram is givne by Fig. |3l 



4. -y-- 



When 7 = 2, Eq. (pT28t has the solution 

a(u) = uqu S , 



(3.36) 



where ui 2 — 5(1 — 5) with < 6 < 1. For such a solution, 
Eq. reads, 



S(D-2) 



(3.37) 



Then, from Eqs. (|3~27|) . (pT28]) and ([330]) we find that 
in the present case both the tidal forces and distortions 
become unbound at u — 0, so a strong spacetime sin- 
gularity appears at u = 0. In this case, we also have 
9 n (u = 0) = 00. However, at u = 00, the tidal forces re- 
main finite, while the distortions become unbound. The 
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FIG. 3: The Penrose diagram for the case < 7 < 2 of 
the solution (|3.28p . The spacetime is singular at u = in 
the sense that the tidal forces become unbounded, while the 
distorations remain bounded. It is also singular at the null 
infinity u — 00, denoted by the line CD, where the tidal forces 
remain finite, but the distorations become unbounded. 

corresponding Penrose diagram in this case is given by 
Fig. 13 

5. 7 > 2 

When 7 > 2, both the tidal forces and the distortion 
become unbound at u — 0, so the spacetime has a strong 
singularity along this surface. However, at u — 00 all 
of them remain finite. Therefore, in the present case 
the spacetime is free of spacetime singularity at the null 
infinity u = 00. The corresponding Penrose diagram in 
this case is given by Fig. [5] 

B. F'{u)G'{v)=£Q 

In this case to solve Eqs. p.l2p - (|3.16p . it is found con- 
venient first to intruduce two new coordinates u and v via 
the relations u = F(u) and v = G(v), using the gauge 
freedom (|3.5p . In terms of these new coordinates, the 
metric (|3.3p takes the form, 

ds 2 D , E = g^dx^dx v 

= 2e 2 ^^dudv - e 2H ^dZ 2 D _ 2 , (3.38) 

where 

H(u,v) = h(u, v) = — — - In (u + v) , 
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FIG. 4: The Penrose diagram for the case 7 = 2 of the solu- 
tion (|3.28p . The spacetime is singular at u = in the sense 
that the tidal forces become unbounded, while the distora- 
tions remain bounded. It is also singular at the null infinity 
u = 00, denoted by the line CD, where the tidal forces remain 
finite, but the distorations become unbounded. 
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FIG. 5: The Penrose diagram for the case 7 > 2 of the solution 
(|3.28p . The spacetime is singular at u — in the sense that 
both the tidal forces and distorations become unbounded. At 
the null infinity u = 00, denoted by the line CD, it is non- 
singular, because now both the tidal forces and distorations 
remain finite. 



S(tZ,u) = a(u,v)- -]n[F'(u)G'(v)]. (3.39) 
Then, it can be shown that Eqs. (|3.12j) - (|3.16j) reduce to 
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M, 



,yy 



1 



= 0, 



(3.40) 
(3.41) 
(3.42) 

(3.43) 



where 



D 



2(D-2) 
t = u + v, y = u — v 



ln(i) + k%M, 



(3.44) 



Eq. (|3.42j) is the integrability condition of Eqs. (13.401) and 
(|3.41[) . Thus, once a solution for <j> is found from 
Eq. ([3~43|) . the remaining is to find M from Eqs. (|3~40|) 
and (I3.41|) by quadratures. 

Using the freedom on the choice of the two null vectors 
defined by Eq. (|3.8p . for the metric (I3.38|) we define = 
5Z. Then, we find that, 



<5" and n M 



9 



9 aP n a -f3 



,-22 



-22 



(3.45) 



from which we find that Q\Q n > 0, where equality holds 
only when t = oo or/and E = oo. Therefore, in the 
present case, the (D — 2)-dimensional surface S is al- 
ways trapped or marginally trapped. However, it must 
be noted that the coordinates (t,y) or (u,v) do not al- 
ways cover the whole spacetime. There exist cases where 
the hypersurface E = oo does not represents the bound- 
ary of the spacetime. To have a geodesically maximal 
spacetime, extension beyond this surface is needed. In 
the extended region(s), one may have 0i§ n < 0, that is, 
the spacetime is not trapped. Typical examples of this 
kind can be found in Q. In the following, we consider 
three classes of solutions, to be referred, respectively, to 
as, Class Ha, lib, and lie, and show explicitly that such 
cases happen here, too. 



1. Class Ha Solutions 

This class of solutions is given by 

M = ic 2 ln(i) + M , 
(f> = cln(i) + 0o, 



(3.46) 



where c, </>o and Mq are integration constants. Then, 
from Eq. (pr4"5]) we find that 



'l — On 
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, Y 2 + 1 7' 



(3.47) 
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FIG. 6: The Penrose diagram for the solutions given by 
Eg. p. 46 [) in D-dimensional spacetime. The horizontal line 
t = represents a big bang singularity. The (D — 2)- 
dimensional surfaces of constant u and v are always trapped. 



which means that t = represents a focusing point, 
where x = c 2 k 2 d . Since now all the surfaces S of constant 
t and y are trapped, then, according to the singularity 
theorems 0], the spacetime must be singular at t = 0, as 
can be seen clearly from the expression, 



R D [g] = K 2 D g a ^^, = 



A 



i i t>— i ' 



(3.48) 



where Aq = 2x 2 e 2k d m o. The corresponding Penrose 
diagram is given by Fig. [6] 



2. Class lib Solutions 



This class of solutions is given by 



M 



-c 2 In 



(y 2 -t 2 )(y + Vy T ^)' 



cln 



y + V y 2 - 1 2 



M , 



(3.49) 



for which from Eq. (|3.47|) we find that 



21 X* 



(3.50) 



Clearly, in the present case the hypersurface t = still 
represents a focusing point. In addition, on the hypersur- 
faces y 2 = t 2 , we have E = oo and 6i9 n = 0. Thus, the 
surfaces S now become marginally trapped along y 2 = t 2 . 
If the spacetime is not singular on these null surfaces, 
extension beyond them is needed. To study the singular 
behavior along these surfaces, let us consider the quan- 
tity, 



Rn[g] 



*l9 a \ 



,a9,P 
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FIG. 7: The Penrose diagram in the D-dimensional spacetime 
for the solutions given by Eq. (|3.49[) . as well as for the ones 
given by Eq. (|3I)Tj) . for \ 2 < V 2 - The horizontal line t = 
represents a big bang singularity. The (D — 2)-dimensional 
surfaces of constant u and v are always trapped in Regions I 
and I' . The spacetime along the line OD and 0-E are singular. 
The two regions I and I' are physically disconnected in both 
cases. 



2A Uy 2 - 'it 2 + 2) 



xrK+^). 



l-2x 2 



(3.51) 



X 2 < \- In this case, it is also singular 



Clearly, the spacetime is singular at t = 0. The singular 
behavior along the hypersurfaces y 2 — t 2 depend on the 
values of \. 
Case B.2.1 

on the null hypersurfaces y 2 = t 2 , and the corresponding 
Penrose diagram is given by Fig. [7] 
Case B.2.2: ^ < x 2 < 1- In this case, the spacetime is 
not singular at y = ±i, but the metric coefficient £ is. To 
extend the metric beyond these surfaces, because of the 
symmetry, it is suffcient to consider the extension only 
across the hypersurface y — t from the region u > 0, v < 
0. The extension across the hypersurface y — —t from 
the region u < 0, v > is similar, and can be obtained by 
exchanging the roles of u and v. Then, using the gauge 
freedom (|3.5p . we introduce two new coordinates u and 
v via the relations, 



u 2n . 



, --.In 
(-V) . 



where 



2(1 -X 2 ) 



(3.52) 



(3.53) 



It can be shown that the solutions are analytical across 
the hypersurfaces y = ±t only when n is an integer. Oth- 
erwise, the solutions are analytical, and the extension 
across y — ±t in not unique. Therefore, in the follow- 
ing we shall consider only the case where n is an integer. 
Then, in terms of u and v. the solutions read 



= 2e 2 ^dudv - 



~,2H 



rfS 



D-2' 



(3.54) 



where 



H 



D - 2 



In 



-In 



/ ~\2n 
(-V) 



2 * 2 -2^!)) in <*"-<-*>"> 

.^Lln(u« + ( -,T) + S 0! 



^ In (u n -(-«)") +<£o, 

K D 



(3.55) 



where S = k 2 d M + In [2 3 / 2 ^ x nj . Clearly, the coordi- 
nate singularity at y = t or v = disappears, and the 
solutions can be considered as valid for v > 0. To study 
the properties of the spacetime in the extended region, 
let us consider the quantities, 



9t = (D-2)e- 2t H^ = 2ne- 2t ( ^ 



~x2n-l 



(D - 2)e- 2S H,u = 2ne 



-2S 



;y2n : ~^2n' 

W 



u^' 1 — (—v) 

~2n-l 



r,2n 



U 



~x2n ' 



£„0i = -4n z e 



2„-4S M-W) 2 ™ 1 



(u 2n - {-v) 2n y 



x 2 X 2 + 



L> - 2 

i? D [.9] - 8n 2 x 2 e- 2Eo 

(u™ + (-u)™) 75 ^ (~uw) 



u n + 2 X 2 (-«)' 



(u n - (-5)") 
Then, we find that 



(3.56) 



?„ = 4n z e 



/ ~-N2n-l 
2„-4S (-™) 



<0,uv > 0, 
= 0, uv — 0, 
> 0,iiv < 0. 



(3.57) 



That is, now in the extended region where uv > the 
spacetime becomes untrapped. Across the hypersurface 
5 = 0, u > 0, we have 

^ (u > 0, u = 0) = 0, n (u > 0, v = 0) > 0, 

(u > 0, v = 0) = 0. (3.58) 

Therefore, the half infinite line v = 0, u > represents a 
past degenerate apparent horizon. 

To study the singular behavior of the spacetime in the 
extended region, we need to distinguish the case where 
ri is an even interger from the one where n is an odd 
integer. When n is an even interger, Eq. (|3.56p shows that 
the spacetime is singular along the line u = v, denoted 
by the vertical line 0C in Fig. [5J 

Because of the symmetry of the spacetime, one can 
make a similar extension across the half line u = and 
v > 0, but now with 



i ~\2n 

\ — U) , V = V 



~2n 



(3.59) 



FIG. 8: The Penrose diagram in the D-dimensional spacetime 
f° r | < X 2 < 1 f° r the solutions given by Eo. (|3.54p with n be- 
ing an even integer, as well as for the ones given by Eq. (|3.61[) 
with n being an odd integer. The horizontal line t = repre- 
sents a big bang singularity. The (D — 2)-dimensional surfaces 
of constant u and v are always trapped in Regions 7 and 7', 
but not in Regions 77 and II'. The spacetime along the ver- 
tical line OC is singular. The two regions 77 and II' are 
physically disconnected. The lines QE and 07) represent past 
degenerate apparent horizons. 

Then, one finds that this half line also represents a past 
degenerate apparent horizon, and the extended region II' 
is not trapped, although it is disconnected with Region 
II, because of the timelike singularity along the vertical 
line OC. 

When n is an odd interger, Eq. (|3.56p shows that the 
spacetime is not singular along the line u = v, as shown 
in Fig. [9l where the lines OE and OD represent past 
degenerate apparent horizons. Then, Regions I and I' 
act as white holes. Since the solutions are symmetric 
with respect to t, one may consider the case where t < 0. 
Then, the spacetime will be given by the lower half part 
of Fig. IH1 in which the (D — 2)-dimcnsional surfaces S of 
constant u and v are trapped in Regions III and III', 
and is not trapped in Region IV. The lines OD' and OE' 
act as future degenerate apparent horizons, so Regions 
III and III' now represent black holes, the spacetimes of 
the lower half part is disconnected with that of the upper 
half by the spacelike singularity located along t = 0. 
Case B.2.3: x 2 > 1. When x 2 > 1, the hypersur- 
faces y = ±i represent spacetime null infinities, and the 
solutions are already geodesically maximal. Indeed, it 
is found that the null goedesics u = Constant have the 
integral, 

r}= [m{-vf- x \ X 2 >1, (3.60) 

near the hypersurface y = t (v = 0), where 770 is an 
integration constant, and rj denotes the affine parameter 
along the null geodesies. Thus, as v — > 0~, we always 
have \r)\ — > 00. 

Similar, it can be shown that the hypersurface y = —t 
also represents a null infinity of the spacetime. Therefore, 



D' 



C 

FIG. 9: The Penrose diagram in the D-dimensional space- 
time for i < x' 2 < 1 f° r the solutions given by Eq. p.54[) 
with n being an odd integer, as well as for the ones given 
by Eq. (|3.61[l with n being an even integer. The horizontal 
line t — represents a spacetime singularity. The (D — 2)- 
dimensional surfaces of constant u and v are always trapped 
in Regions 7, 7', 777 and 777', but not in Regions 77, and IV. 
The upper half part is disconnected with the lower half part 
by the spacetime singularity along the line AB where t — 0. 
The lines 07? and 07) represent past degenerate apparent hori- 
zons, while the ones 07?' and 07)' represent future degenerate 
apparent horizons. Regions 7 and 7' represent white holes, 
while Regions 777 and 777' represent black holes. 

the corresponding Penrose diagram is given by Fig. 1101 



3. Class lie Solutions 
This class of solutions is given by 




cf> = cln (y + V?/ 2 - t 2 ) + 0o, (3.61) 
for which we find 

e -^ 2 o M » (y 2 -t 2 ) %2 

6l = 6n = —f , n N2x 2 

as t — >• 0. Therefore, in this case the hypersurface t = 
represents a focusing point, while the ones y = ±t 
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A t = t = B 



in the last case, the extension across this surface is uniqe 
only when n defined by Eq. (l3.53[) is an integer. Thus, 
in the following we shall consider only this case. Then, 
the extension can be done by introducing the new coor- 
dinates u and v defined by Eq. (|3.52p . for which we find 
the extended metric takes the same form as that given 
by Eq. (|3.54[) . but now with 



FIG. 10: The Penrose diagram for the solutions given by 
Eq. (13.49|l and for the ones given by Eq. (|3.61|l in the D- 
dimensional spacetime for x 2 > 1. The horizontal line t = 
represents a big bang singularity. The (D — 2)-dimensional 
surfaces of constant u and v are always trapped in Regions 
/ and /', and are physically disconnected in both cases. The 
line 0D and 0E represent spacetime null infinities, and are 
not singular. 



may represent some kind of horizons. To see their exact 
natures, let us consider the quantity, 



R D [g] 



2A ( y 2 -t 2 f- 1/2 

2 X 2 + l 



(y+ Vv 2 



n-3 
t°- 2 . 



t 2 



(3.63) 



Thus, the nature of the spacetime singularity at t = is 
different on the half line y > from that on the other 
half line y < 0. In particular, we find 



R D [g] 



t~ 



n-3 
-fn—2 

(4 X 2 -t 



0, 



y>o, 
v < o, 



(3.64) 



as t — > 0. Therefore, Ro[g) is singular only on the half 
line t = 0, y < 0. However, the studies of other scalars 
show that the other half line, t = and y > 0, is also 
singular. For example, the corresponding Kretschmann 
scalar is given by 



D 



(y 2 -t 2 ) 



2\2X -5 



8i 3 (y + VlF^) 
where, as t — > 0, we have 



4X 



,(3.65) 



D=4 



I 



(0) 



-9y 10 , 

- (I024x 6 - 320x 4 + 96x 2 + 9) y 



ni 



y>o, 

y<0. 
(3.66) 

On the other hand, depending on the value of Xi the 
spacetime may or may not be singular on the two null 
surfaces y = ±t, similar to the last case. In particular, 
when x 2 < 1/2, the spacetime is singular there, and the 
the corresponding Penrose diagram is also given by Fig. 

m 

When | < x 2 < h the spacetime is not singular at 
y = ±t, although the metric coefficients are. Then, ex- 
tending the solutions to the region v > is needed. As 



H 

E 

So 



D - 2 



In (u 2n - v 2n ) , 



2.Y 



D-3 



2(L>-2) 



2(D - 2) 
K 2 D M + ±ki (4 1 "^n 2 ) 



(3.67) 



Thus, the coordinate singularity at v — disappears, and 
the solutions can be considered as valid for v > 0, too. 
In terms of u and V, we find 



n = 



R D [g] = 



(D - 2) e- 2T -H^ = 2ne 
(D - 2) e-^H^ = 2ne" 2S 
-4n 2 e 



-2S (-«) 



2 X 2 



(u 2n - v 2n ) 

1 



D - 2 



u n - 2 X Z (-v) r 



_4X 2 + 3 x 2 e -2«!,Mo 

(u n - {-v) n )~ {-uvf 

(fin + (_ S )") 4 X 2 + 5^ 



(3.68) 



From the above expressions, we can see that in the ex- 
tended region where uv > the spacetime becomes un- 
trapped. Across the hypersurface v = 0, u > 0, we have 
6i = 0, n > and C n 8i — 0. That is, the half infinite 
line -5 = 0, u > acts as a past degenerate apparent 
horizon. 

In addition, in contrast to the last case, the expres- 
sion of Rd [g] given above tells us that the spacetime is 
singular along the vertical line fi = v for n being an odd 
integer, and not singular for n being an even integer. The 
corresponding Penrose diagram is given, respectively, by 
Figs. H and E 

When x 2 > 1, the hypersurfaces y = ±t already rep- 
resent the null infinities of the spacetime, and the corre- 
sponding Penrose diagram is that of Fig. [TU1 where the 
hypersurrfaces u = and v = are not singular, and the 
two regions, II and II' , are still not connected. 
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IV. SOLUTIONS IN (D + d)-DIMENSIONAL 
SPACETIMES IN THE STRING FRAME 



In (D + d)-dimensions, the metric in the string frame 
takes the form of Eq. (|2.2[) . Considering Eq. (|3 . 3[) . we 
find that it can be written in the form, 

ds 2 D+d = g AB dx A dx B = ^y^dx^dx" + $ A / ab dz a dz b 



= 2e 2a( ^ ) dudv - e 2h{ ^)dY? D _ 2 



% b dz a dz b 



where 



7m* 



cxp < e a 



An 2 D d 



1/2 



exp < — e 



(D-2)(D + d-2 



{D + d-2)d 



(4.1) 
A, (4.2) 



as can be seen from Eqs. (|2.7[) and (12. 9[) . where e a = ±1. 
Introducing the two null vectors, I a and fi^ via 



Ia = $a, n A = 5 



a- 



(4.3) 



once can show that they also define two null affinely de- 
fined geodesic congruences, 1 A -,bI B = = h A -Bn B . The 
corresponding expansions are given by 



f ' AB 
l>A;Bg 



from which we find 



-AB 



D - 2)h^ + dg : v , 
(D-2)h,u + dgJ, (4.4) 



Cji = e- 4a ^(D-2)h,uv+dg^v 

-2a i& (D-2)h, ij +dg^ j, 

C t 9 n = e- Aa ^(D-2)h, il v+dg^v 

-2a fi [(D-2)h^ + dg^. (4.5) 

A. F'(u) 0, G'(v) = 



In this case, the modulus <fi(u, v) is given by Eq. (13.291) . 
In the (D + c?)-dimensional spacetime, the metric can be 
written in the form 



as D+d 



2dudv - e 2il{il) d 2 Y> D -2 
-&{u)% b {z)dz a dz\ (4.6) 



where 



du 



e 2d du, 



a = a — 



h = h- 



D-2 
d 

D — 2 



ln$, 
ln$. 



(4.7) 



Following what we did in the Einstein frame, we can con- 
struct a free-falling frame in the (£>+d)-dimensions, given 
by 



A 

e (o) 


= 7o<^ + 


2 7 o " 


A 
e (D 


= 7o*a- 


2 7 o ° 


4) 


= eM, 




A 
e (b) 


= ^ 





which satisfies the relations, 



4c) e (D)9AB - VCD, 4c);B e (0) 



= 0, 



(4.8) 
(4.9) 



where 70 is another integration constant. Then, it can 
be shown that the Riemann tensor in this case has only 
two independent components, given by 



R 



(0 



(0)0) (o) 



R 



(a) 



(0)(6)(0) 



-70 (^,68 + ^fi) 4' 

-7 " 



-2 I ^,uu 



(4.10) 



In addition, Eqs. (|4.4j ) and (|4.5[) now read, 

§ n = (L>-2)a'(u)exp(-au (2 - 7)/2 
0; = 0, CfiOi = = 



(4.11) 



Then, according the previous definition, the (I? + d — 2)- 
surfaxe 5 is always marginally trapped and degenerate. 

To study the solutions further, it is found convenient 
to consider the two cases 7^2 and 7 = 2 separately. 



1. 7/2 



In this case, we have 
du = e 



du, 



1 



h = -au 1 ^' 2 + a{u), 



4> 



,.bu 



l- 7 /2 



(4.12) 



where 



2e„ 



4w 2 d 



1/2 



b = - 



2-7 \D + d-2 y 

2e a ( u?{D-2) 2 ^ 1/2 



2-7 \ (D + d~2)d 



(4.13) 
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Then, the non-vanishing frame components of the Rie- 
mann tensor are given by 



(0)0) (o) 



07(2-7) a 2 (2- 7 ) 2 + 16w 2 



R 



(a) 



(0) (b)(0) 



2 &(2 - 7) .aau 1 -/ 2 

7o 3 e 



7 



^ M 7/2+l 

Therefore, for the choice e a 



(fc-a)(2- 7 ) 
: +1 we have 



is" 



(4.14) 



R 



(A) 



(0)(B)(0) 



7>0, 
7 = 0, 
-2 < 7 < 0, 
7<-2, 
00, 7 > 2, 

(D- 2)^(0), 7 <2, 




(4.15) 



(4.16) 



as u — y 0, but now with A, B = i, a. Thus, the tidal forces 
experiencing by a free-falling observer remain finite in the 
string frame at u — for all the cases, except for the ones 
where 0<7or— 2<7<0. As a result, the spacetime 
is singular at u — for these latter solutions. However, 
the singularity is weak for I7I < 2, because the distortion 
exerting on the observer is still finite, 



dX / R 



(0)(S)(0) 



~ finite, (4.17) 



as A — s- (or u — > 0) when |— ^ j < 2, where and A 2 are 
finite constants. 

Therefore, for the choice e a = +1 the strong singulari- 
ties of the solutions with 7 > 2 at u — in the Einstein 
frame now remain in the string frame. The singularities 
of the solutions with < 7 < 2 are weak in both of 
the two frames. The solutions with —2 < 7 < is free 
from singularity in the Einstein frame, while they become 
singular in the string frame, although the nature of the 
singularities is still weak. The solutions with 7 = and 
7 < — 2 are free from singularity at u = in both of the 
two frames. 

Note that for 7 = Eq . (|4~T4|) shows that 



R 



(A) 



(0)(S)(0) 



^0, 



(4.18) 



as u — > 00. Thus, in this case the spacetime singularity at 
u = 00 appearing in the Einstein frame now disappears 
in the (D+c?)-dimensional string frame, although the null 
infinity u = —00 still remains singular [cf. Fig. [TJ. 
When e a = —1, from Eq. (|4.10[) we find that 



R 



(A) 



(0)(B)(0) 



f0, 7 >2, 

00, 2 > 7 > 0, 

< constant, 7 = 0, 

00, -2 < 7 < 0, 

, finite, 7 < —2, 



(4.19) 



as u — y 0. It can be shown that in this case the nature 
of the singularities of the solutions remains the same in 
both of the two frames for 2 > 7 > and 7 < — 2, that 
is, in both frames it is weak for < 7 < 2, and free of 
singularities for 7 = and 7 < —2. For —2 < 7 < 0, the 
solutions are free of singularities in the Einstein frame, 
but singular in the string frame with the nature of the 
singularities being still weak. For 2 < 7, on the other 
hand, the solutions are free of singularities in the string 
frame, but singular in the Einstein frame with the nature 
of the singularities being strong. 

Similarly, one can show that for 7 = the spacetime 
singularity at u = —00 appearing in the Einstein frame 
now disappears in the (D + c?)-dimensional string frame, 
although the spacetime is still singular at the null infinity 
u = +00 [cf. Fig. [Q. 



2. 7 = 2 

When 7 = 2, the corresponding solutions in the Ein- 
stein frame are given by Eqs. (|3.29[) and (I3.36[) . The so- 
lutions have a strong singularity at u = 0. In the string 
frame, the corresponding solutions are given by Eq. (l4.6[) 
but with 



h(u) 
4(m) 



25 



In lul 



2(1 + a) 
((1 + a)^)^ 



where 



1 



,1+a _ 



0. 



1 



a > 
a < 



(4.20) 



(4.21) 



as u — >• 0. Thus, when a > — 1 the half plane u > is 
mapped to the half plane u > 0, and the hypersurface 
u = (it = 00) is mapped to the one u — {u = 00). 
when a < — 1 the half plane u > is mapped to the one 
u < 0, and the hypersurface u — (u — 00) corresponds 
to the one ii — —00 (ii = 0). 

It can be shown that now we have 



R 



(i) 



(0)(i)(0) 



4(1 



R 



(a) 



(0)(6)(0) 



{1 + aYv? b ' 



(4.22) 



Clearly, the spacetime is singular at u — 0, and the nature 
of the singularity is strong, because 



dX / R 



y(A) 



(0)(B)(0) 



dX r~j In A — > —00, 



(4.23) 



as A — >• (or ii — > 0). Note that the distortion also 
becomes unbound as |m| — > 00 (|A| — > 00), although the 
tidal forces vanish there. 

It should be noted that the above analysis is valid only 
for a ^ — 1. When a = — 1, we find that 



D + d-2 
Id : 



D 



2d 



(4.24) 
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The corresponding solutions are given by 



The corresponding Kretschmann scalar is given by, 



h{u) 



5-\) i. 



e 2d 



where u = e u . Then, we find that 



(4.25) 



R 



(i) 



(0)(i)(0) 



R 



(a) 



2 



(0)(6)(0) 



"7o 



D-2 
2d 



S a b , (4.26) 



which are finite (constants). However, at the null infini- 
ties u = ±oo, which correspond, respectively, to u = 
and u — oo, the distortions are still unbound. As a re- 
sult, the (D + d)-dimensional spacetimes remain singular 
on these surfaces. 

Therefore, when 7 = 2 the corresponding Penrose 
daigram of the (D + e?)-dimensional spacetimes is that 
of Fig. [TJ where the two hypersurfaces u = and u = 00 
remain singular. 



T — U tjABCD ho 

(10 = riABCDri 



(4.30) 



where 



a = 2 I ck 5 - e a \l — 



9 „ 
4 >0 ' 



ho = — 



1 

4~5 

+80 (5 X + 2)] , 



9 X Z (40% + 143) - e a 52V30x 3/2 (3% + 4) 



(4.31) 



now with x = c2fi 5- Clearly, the spacetime is always 
singular at t = for any given c, similar to that in the 
5-dimensional case. Therefore, in the present case, the 
spacetime singularity remains even after lifted from the 
effective 5-dimensional spacetime to the 10 dimensional 
bulk. 



2. Class lib Solutions 



B. F'(u)G»#0 

In this case, three classes of solutions were studied in 
the last section. To have them managible, in this subsec- 
tion we shall restrict ourselves only to D = d = 5. We 
generalize the metric (|4.6|) and using t = u + v,y = u — v 
we arrive at the form: 

ds 2 w = ^e 2A ^(dt 2 -dy 2 )~e 2B ^dX 2 3 



-e 2C ^dx 2 z , 



(4.27) 



where dS 2 z = ^ ab (z c ) dz a dz b (a, b = 1,2, 5), and 
A = „-lp<f,= -l ln(t) + k\M - 



B 



h 



iln(i)-^ 



c = p = e yM, e a = ±1. 



Class Ila Solutions 



(4.28) 



In this case, the combination of Eqs. (|3.50p and (I4.28|) 
yields 



A = 



B = 



5 

96 



--x 2 ^(v 2 -t 2 ), 



C = e a \j — ck 5 \n(t) 



ln(t) 

In (y + vV - t 2 ) 



(4.32) 



In this case, substituting the solution (|3.45p into 
Eq. (|4.28p and setting Mq = (j>o = without loss of gen- 
erality, we obtain that 



A = - 



7 



ln(i), 



5 = Wlr 5 pw- 



C = e a y 77:CK5ln(t). 



(4.29) 



for which we find that 



/in = 



'10 



t a « (y 2 - i 2 ) Ql (y + yV - t 2 ) 012 
where ao is given by Eq. (|4.3ip . 



o- 2 



101 
~24~ 



2ck 5 - e Q i 



(4.33) 



(4.34) 
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and Tio = Iio{t, y), which is non-zero for t — and y 2 = 
t 2 , but its expression is too complicated to give it here 
explicitly. 

From the above expression, it can be seen that the 
spacetime is always singular at t — 0, but the strenght of 
the singularity for y > and y < is different, because 
when t — we have y + \/y 2 — t 2 = for y < and 

y + \/y 2 — t 2 7^ for y > 0. In particular, when t = 
and y > 0, we find that 



'10 



t=o, y>0 ~~ t a ° ' 



(4.35) 



where 



'10 



t=0 



^ 8 [9 X 2 (160x+ 143) 
-e a 104V30 X 3/2 (3X + 1) 



-10(10x+l) 



(4.36) 



On the other hand, when t = and y < 0, we find that 



'10 



t=0, y<0 



£32/3 



(4.37) 



where Iio is still given by Eg. (14. 361) . 

Eqs. (14.331) and (|4.34l) also show that the spacetime is 
singular when y 2 — t 2 = for x < 3/4, 



'10(b) 



X 



'10 



t-= y - (y 2 - t 2 )^ ' 



(4.38) 



but now with 

ho . 



±15** 



20(6 X 2 - X - 1) 



13e Q V30cK5(2x - 1) 



(4.39) 



The corresponding Penrose diagram for x < 3/4 is given 
by Fig. [7J It is remarkable to note that the solutions 
with l/2<x<3/4is not singular in the 5-dimensional 
effective theory, as shown explicitly in Sec. III.B.2. 

Since the solution in the 10-dimensional bulk is not 
singular across the hypersurfaces y 2 = t 2 for x > 3/4, one 
must extend the solutions beyond these surfaces. The 
extension is quite similar to the 5-dimensional case for 
the ones with \ > 1/2. In particular, for 3/4 < \ < 1, 
setting 

u=(y + t) 2n , v = (y-t) 2n , (4.40) 

where n is given by Eq. (|3.53[) . one can show that the 
coordinate singularity at y 2 = t 2 disappears in terms of 
u and v. Then, the Penrose diagram for the extended 
solutions is given exactly by Fig. [5] 

When x > 1, the hypersurfaces y 2 = t 2 already rep- 
resent the null infinities, and the corresponding Penrose 
diagram is given by Fig. [71 but now the hypersurfaces 
y 2 = t 2 , represent, respectively, by the lines 0D and 0E, 
are non-singular. The two regions / and /' are physically 
disconnected. 



Class lie Solutions 



In this case, from Eq. p.6ip we find that 

1 , , s 1 



A = --Ht)-- X 2 \n{y 2 -t 2 ) 




ln(y+ vV -t 2 ) , 



B = i ln(i) - eawJcK 5 In (y + Vv 2 - t 2 




'10 



where 



t»/3(y2 - i 2 ) Q i (y + y/y 2 - t 2 )«3 



91 L / 5 \ 

a 3 = -+[2c K5 -e a J- >0, 



(4.41) 



(4.42) 



(4.43) 



and Jio = Iw(t,y) is non-zero and finite at t = 0, but 
too complicated to be written out here. 

It is very suprising to note that the spacetime is now 
always singular on the hypersurface t — 0, in contrast to 
the 5-dimensional case in which the spacetime is free of 
spacetime singularities, as shown explicitly in Sec. III.B. 
3. The strength of the singularities once again depends 
on y < and y > 0. In partucular, when t — and 
y > 0, we find that 



10 



'10 



t=0,y>0 



(4.44) 



with I 10 ~ 512y 7 /9. But for t = and y < 0, we find 
that 



'10 



= ho(y- Vy 2 ^ 2 )^ 

t=0, y <0 < 8/3+2a 3 ( 2/ 2_ i 2)a 1 



(4.45) 



where 03 > 0, as shown by Eq. (|4.43[) . Therefore, we 
again have a spacetime singularity at t = for y < 0, 
but with more singular strength. 

The singular behavior of the spacetime along the hy- 
persurfaces y = ±t are similar to the last case. In par- 
ticular, it is singular for x < 3/4, and corresponding 
Penrose diagram is given by Fig. [7J It is interesting to 
note again that the solutions with l/2<x<3/4is not 
singular in the 5-dimensional effective theory. 

When 1 > x > 3/4 the corresponding solutions in the 
10-dimcnsional bulk is not singular across the hypersur- 
faces y 2 = t 2 , one must extend the solutions beyond these 
surfaces. The extension is quite similar to the last case 
by simply introducing two null coordinates, defined by 
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Eg. (14.401) . Then, the Penrose diagram for the extended 
solutions is given exactly by Fig. [5] 

When x > 1, the hypersurfaces y 2 = t 2 already rep- 
resent the null infinities, and the corresponding Penrose 
diagram is given by Fig. [7] 

V. CONCLUSIONS AND DISCUSSING 
REMARKS 

According to the singularity theorems @, the 4- 
dimensional spacetimes are generically singular, if matter 
filled the spacetimes satisfies certain energy condition(s). 
It is a common belief that new physics involved with 
quantum mechanics will play an important role when the 
spacetime curvature is very high. The new physics gives 
us hope that the classical singularities might be finally 
removed. 

However, it was shown that certain singularities can be 
also removed by simply passing to a higher-dimensional 
theory of gravity, for which spacetime is only effectively 
four-dimensional below some compactification scale [3j, 
fl5| . This is because when lifted to higher-dimensions, 
the conditions required by the singularity theorems of 
Penrose and Hawking do not hold any more. 

In this paper, we have investigated this problem, by 
first studying the local and global properties of the space- 
times in the low dimensional effective theory, and then 
lifting them to the corresponding high dimensional space- 



times. We have shown explicitly that spacetime singu- 
larities may or may not remain after lifted to higher 
dimensions, depending on the particular solutions con- 
sidered. We have also found that there exist cases in 
which the spacetimes of low dimensional effective theory 
do not possess any singularities, but when lifted to high 
dimensions of the string theory, new spacetime singulari- 
ties rise. This seems a little bit odd, and a closer analysis 
shows that it is due to the gravitational collapse of the ex- 
tra dimensions [described by <& 2A f a bdz a dz h , cf. Eq. (l2.2[) ]. 
To prevent such singularities to occur, one needs to sta- 
bilize the extra dimensions, for example, using the KKLT 
mechanism (l6| . 
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